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NORMAL ELEMENTS OF COMPLETED GROUP ALGEBRAS
OVER SL3(Zp)
DONG HAN AND FENG WEI
Abstract. Let p be a prime integer and Zp be the ring of p-adic integers. By
a purely computational approach we prove that each nonzero normal element
of a completed group algebra over the special linear group SL3(Zp) is a unit.
This give a positive answer to an open question in [18] and make up for an
earlier mistake in [17] simultaneously.
1. Introduction
Let p be a prime integer, and let Zp denote the ring of p-adic integers. A group
G is compact p-adic analytic if it is a topological group which has the structure of
a p-adic analytic manifold - that is, it has an atlas of open subsets of Znp , for some
n ≥ 0. Such groups can be characterized in a more intrinsic way. A topological
group G is compact p-adic analytic if and only if G is a closed subgroup of the
general linear group GLn(Zp) for some n ≥ 1. In this paper we will consider the
so-called completed group algebras of G
ΛG := lim←−
N✂G
Zp[G/N ],
where the inverse limit is taken over the open normal subgroups N of G. Closely
related to ΛG is its epimorphic image ΩG, which is defined as
ΩG := lim←−
N✂G
Fp[G/N ],
where Fp is the finite field of p elements. These algebras with topological setting
were defined and studied by Lazard in his seminal paper [9] at first. They are
complete semilocal noetherian rings, which are in general noncommutative. Un-
der the name of Iwasawa algebras, these algebras are well-established and have an
increasing interest to number theorists, because of their connections with number
theory and arithmetic algebraic geometry. On the other hand, it seems that ex-
plicit description, by generators and relations, of these algebras themselves and
its ideals were inaccessible. However, Serre’s presentation of semi-simple algebras
and Steinberg’s presentation of Chevalley groups [15, 16] make us believe that the
objects coming from semi-simple split groups have explicit presentation. Indeed,
for any odd prime p, Clozel in his paper [1] gives explicit presentations for the
afore-mentioned two completed group algebra over the first congruence subgroup
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of SL2(Zp), which is Γ1(SL2(Zp)) = ker(SL2(Zp) −→ SL2(Fp)). More recently,
Ray [11, 12] extended Clozel’s work to the cases of semi-simple, simply connected
Chevalley groups over Zp and pro-p Iwahori subgroups of GLn(Zp).
For completed group algebras or general noetherian algebras, we quite often
focus on its two-sided ideals, especially its prime ideals. Unfortunately, no much
more information is provided with the ideal structure of noncommutative completed
group algebras. Although we have noted that central elements of G and closed
normal subgroups give rise to ideals, the lack of examples with respect to ideals
make us embarrass and is the most pressing problem in this topic. One natural
question is: is there a mechanism for constructing ideals of completed group algebras
which involves neither central elements nor closed normal subgroups ? Recall that
a uniform pro-p group G is almost simple provided its Lie algebra has no non-trivial
ideals . This is equivalent to saying that every non-trivial closed normal subgroup of
G is open. In [8], M. Harris claimed that, for an almost simple uniform pro-p group
G, any closed subgroup H of G with 2 dimH > dimG gives rise to a non-zero two-
sided ideal in ΩG, namely the annihilator of the “Verma module” constructed by
induction from the simple ΩH -module. Unfortunately, Jordan Ellenberg observed
that the proof of the main theorem of [8] contains a gap. We remind the reader
that r ∈ ΩG is normal if rΩG = ΩGr. Another closely related question is: For
an almost simple uniform pro-p group G, with G ≇ Zp, must any nonzero normal
element of ΩG be a unit? It was well-known that normal elements of associative
algebras are closely related to their ideals, especially their reflexive ideals. By a
purely computational approach, we prove that each nonzero normal element of
the completed group algebra ΩG over Γ1(SL2(Zp)) is a unit, see [17, Theorem
9]. It is natural to describe the normal elements of the completed group algebras
over the special linear groups SL3(Zp) and SLn(Zp). It is so pity that the proof
of [17, Theorem 9] works at this point only for G = Γ1(SL2(Zp)) and for ΩG.
We are sincerely grateful to Professor Dan Segal and Professor Stuart Mrgolis for
drawing our attention to an error in [17]. They inform us that similar statements
for the completed group algebras of the first congruence subgroups Γ1(SL3(Zp)) and
Γ1(SLn(Zp)) can not be achieved by analogous proofs of [17, Theorem 9]. In this
situation, we must change the two statements— [17, Theorems 13 and 14]—into
two open questions in [18].
The purpose of this paper is to describe the normal elements of completed group
algebras over the special linear groups SL3(Zp) by a purely computational method.
Although we utilize some ideas of [17], the adopted computational method in the
current work is rather different from the original one. We adjust and modify the
original computational method considerably, see Claim 10 and Claim 11 of [17], and
Claim 4.2 and 4.3 of the current work. It turns out that that each nonzero normal
element of the completed group algebra ΩG over the first congruence subgroup G =
Γ1(SL3(Zp)) is a unit. This explicitly give a positive answer to the open question
in [18, Question 0.1] and also make up for an earlier mistake in [17, Theorem 13].
The organization of this paper is as follows. After Introduction, we first recall
some basic facts concerning p-adic analytic groups SLn(Zp) and its completed group
algebras ΩG in the Preliminaries. Section 3 is contributed to complicated compu-
tations of Lie brackets of topological generators of the completed group algebra
ΩG over G = SL3(Zp). The proof of our main theorem (Theorem 4.1) is given
NORMAL ELEMENTS OF COMPLETED GROUP ALGEBRAS OVER SL3(Zp) 3
in Section 4. Some potential topics for further research are proposed in the last
section.
2. Preliminaries
Let n, t be positive integers. The t-th congruence subgroup in SLn(Zp) is the
kernel of the canonical epimorphism from SLn(Zp) to SLn(Zp/p
tZp). As usual, we
denote it by Γt(SLn(Zp)). It is easy to verify that Γt(SLn(Zp)) is a compact p-adic
analytic group. In the current work, we mainly investigate the completed group
algebra ΩG of the first congruence subgroup G = Γ1(SLn(Zp)) in SLn(Zp) . We can
fix a topological generating set for G as follows:
(1) Type of upper triangular matrix
xij =


1
. . .
1 · · · p
. . .
...
1
. . .
1


(i < j),
where the entry of xij in the i-th row and j-th column is p.
(2) Type of diagonal matrix
xiijj =


1
. . .
1
. . .
1 + p
(1 + p)−1
. . .
1
. . .
1


(i = j − 1),
where the entry of xiijj in the i-th row and i-th column is 1 + p and the entry of
xiijj in the j-th row and j-th column is (1 + p)
−1.
(3) Type of lower triangular matrix
xij =


1
. . .
1
...
. . .
p · · · 1
. . .
1


(i > j),
where the entry of xij in the i-th row and j-th column is p.
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It is not difficult to verify that the number of topological generators for G =
Γ1(SLn(Zp)) is n
2 − 1. When certain complicated computations are involved, the
type and number of topological generators will be useful. It follows from the dis-
cussion of [6, §7.1] that the ordinary group algebra Fp[G] can embed into ΩG. For
i = 1, 2, · · ·n, j = 1, 2, · · · , n, let us set
yij = xij − 1(i < j), yiijj = xiijj − 1(i = j − 1), yij = xij − 1(i > j),
then yij(i < j), yiijj(i = j − 1), yij(i > j) ∈ Fp[G] ⊆ ΩG. Thus we can pro-
duce various monomials in the yij(i < j), yiijj(i = j − 1), yij(i > j): if α =
(α12, · · · , α1n, α23, · · · , α2n, · · · , α(n−1)n, α1122, · · · , α(n−1)(n−1)nn, α21, α31, α32, · · · ,
αn1, · · · , αn(n−1)) is a (n
2 −1)-tuple of nonnegative integers, we define
yα = yα1212 · · · y
α1n
1n y
α23
23 · · · y
α2n
2n · · · y
α(n−1)n
(n−1)n y
α1122
1122 · · ·
y
α(n−1)(n−1)nn
(n−1)(n−1)nny
α21
21 y
α31
31 y
α32
32 · · · y
αn1
n1 · · · y
αn(n−1)
n(n−1) ∈ ΩG.
It should be remarked that the expressions of these monomials depend on our
choice of ordering of the yij ’s(i < j), yiijj ’s(i = j − 1) , yij ’s(i > j), because ΩG
is noncommutative unless G is abelian. The following result shows that ΩG is a
“noncommutative formal power series ring”.
Theorem 2.1. [6, Theorem 7.23] Every element r of ΩG is equal to the sum of a
uniquely determined convergent series
r =
∑
α∈Nn2−1
rαy
α,
where rα ∈ Fp for all α ∈ N
n2−1.
As a direct consequence of this result we have
Corollary 2.2. The Jacobson radical J of ΩG is equal to
J = y12ΩG + · · ·+ y1nΩG + y21ΩG + · · ·+ y2nΩG + · · ·+ y(n−1)nΩG
+ y1122ΩG + · · ·+ y(n−1)(n−1)nnΩG + y21ΩG + y31ΩG + y32ΩG + · · ·
+yn1ΩG + · · ·+ yn(n−1)ΩG
= ΩGy12 + · · ·+ΩGy1n +ΩGy21 + · · ·+ΩGy2n + · · ·+ΩGy(n−1)n
+ΩGy1122 + · · ·+ΩGy(n−1)(n−1)nn +ΩGy21 +ΩGy31 +ΩGy32 + · · ·
+ΩGyn1 + · · ·+ΩGyn(n−1).
Moreover, ΩG/J ∼= Fp.
Theorem 2.1 implies that the monomials {yα : α ∈ Nn
2−1} form a topological
basis for ΩG and is thus analogous to the classical Poincare´-Birkhoff-Witt theorem
for Lie algebras g over a field k which gives a vector space basis for the enveloping
algebra U(g) in terms of monomials in a fixed basis for g [5]. Some explicit compu-
tations in ΩG are much more difficult than those in U(g), which will be seen in the
sequel.
3. Lie Brackets of Generators of the Completed Group Algebra
We shall consider the normal elements of the completed group algebra ΩG with
G = Γ1(SL3(Zp)). For this we need to discuss the Lie bracket of generators for
the ordinary group algebra Fp[G]. Although part of them have been presented in
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[17] , it is indispensable for our later discussion. Now we briefly sketch the relevant
contents for the convenience of the reader.
Theorem 3.1. Let p be an odd prime number and
x12 =


1 p 0
0 1 0
0 0 1

 , x13 =


1 0 p
0 1 0
0 0 1

 , x23 =


1 0 0
0 1 p
0 0 1

 ,
x1122 =


1 + p 0 0
0 (1 + p)−1 0
0 0 1

 , x2233 =


1 0 0
0 1 + p 0
0 0 (1 + p)−1

 ,
x21 =


1 0 0
p 1 0
0 0 1

 , x31 =


1 0 0
0 1 0
p 0 1

 , x32 =


1 0 0
0 1 0
0 p 1


be a topological generating set for G = Γ1(SL3(Zp)) and yij = xij − 1(i < j),
yiijj = xiijj − 1(i = j − 1), yij = xij − 1(i > j). Then for any nonnegative integers
r and s, we have
1© [yp
r
12 , y
ps
13 ] = [y
pr
13 , y
ps
23 ] = 0,
2© [yp
r
12 , y
ps
23 ] = (1 + y
pr
12)[1− (1 + y
pr+s+1
13 )
−1](1 + yp
s
23);
3© [yp
r
1122, y
ps
2233] = 0;
4© [yp
r
21 , y
ps
31 ] = [y
pr
31 , y
ps
32 ] = 0,
5© [yp
r
21 , y
ps
32 ] = (1 + y
pr
21)[1− (1 + y
pr+s+1
31 )](1 + y
ps
32);
6© [yp
r
12 , y
ps
1122] = (1 + y
pr
12)[1− (1 + y
pr
12)
(1+p)2p
s
−1](1 + yp
s
1122);
7© [yp
r
13 , y
ps
1122] = (1 + y
pr
13)[1− (1 + y
pr
13)
(1+p)p
s
−1](1 + yp
s
1122);
8© [yp
r
23 , y
ps
1122] = (1 + y
pr
23)[1 − (1 + y
pr
23)
(1+p)−p
s
−1](1 + yp
s
1122);
9© [yp
r
12 , y
ps
2233] = (1 + y
pr
12)[1 − (1 + y
pr
12)
(1+p)−p
s
−1](1 + yp
s
2233);
10© [yp
r
13 , y
ps
2233] = (1 + y
pr
13)[1− (1 + y
pr
13)
(1+p)p
s
−1](1 + yp
s
2233);
11© [yp
r
23 , y
ps
2233] = (1 + y
pr
23)[1− (1 + y
pr
23)
(1+p)2p
s
−1](1 + yp
s
2233);
12© [yp
r
12 , y
ps
21 ] = (1 + y
pr
12)[1− (1 + y
p2r+s+2
12 )
−(1+pr+s+2)−1(1 + y1122)
β
× (1 + yp
r+2s+2
21 )
−(1+pr+s+2)−1 ](1 + yp
s
21),
where β =
∑∞
k=0 βkp
k ∈ Zp, and βk ∈ Z, 0 ≤ βk ≤ p− 1 satisfying β0 = β1 = · · · =
βr+s = 0, βr+s+1 = p− 1, βr+s+2 = (
pr+s+1−1
2 − 1) mod p, · · · ;
13© [yp
r
13 , y
ps
21 ] = (1 + y
pr
21)[1− (1 + y
pr+s+1
23 )](1 + y
ps
21); [y
pr
23 , y
ps
21 ] = 0;
14© [yp
r
12 , y
ps
31 ] = (1 + y
pr
12)[1− (1 + y
pr+s+1
32 )](1 + y
ps
31);
15© [yp
r
13 , y
ps
31] = (1 + y
pr
13)[1− (1 + y
p2r+s+2
13 )
−(1+pr+s+2)−1(1 + y1122)
β(1 + y2233)
β
× (1 + yp
r+2s+2
31 )
−(1+pr+s+2)−1 ](1 + yp
s
31),
where β is as above;
16© [yp
r
23 , y
ps
31] = (1 + y
pr
23)[1− (1 + y
pr+s+1
21 )
−1](1 + yp
s
31); [y
pr
12 , y
ps
32 ] = 0;
17© [yp
r
13 , y
ps
32 ] = (1 + y
pr
13)[1− (1 + y
pr+s+1
12 )
−1](1 + yp
s
32);
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18© [yp
r
23 , y
ps
32 ] = (1 + y
pr
23)[1− (1 + y
p2r+s+2
23 )
−(1+pr+s+2)−1(1 + y2233)
β
× (1 + yp
r+2s+2
32 )
−(1+pr+s+2)−1 ](1 + yp
s
32),
where β is as above;
19© [yp
r
1122, y
ps
21 ] = (1 + y
pr
1122)[1 − (1 + y
ps
21)
(1+p)2p
r
−1
](1 + yp
s
21);
20© [yp
r
1122, y
ps
31 ] = (1 + y
pr
1122)[1 − (1 + y
ps
31)
(1+p)p
r
−1](1 + yp
s
31);
21© [yp
r
1122, y
ps
32 ] = (1 + y
pr
1122)[1− (1 + y
ps
32)
(1+p)−p
r
−1](1 + yp
s
32);
22© [yp
r
2233, y
ps
21 ] = (1 + y
pr
2233)[1− (1 + y
ps
21)
(1+p)−p
r
−1](1 + yp
s
21);
23© [yp
r
2233, y
ps
31 ] = (1 + y
pr
2233)[1 − (1 + y
ps
31)
(1+p)p
r
−1](1 + yp
s
31);
24© [yp
r
2233, y
ps
32 ] = (1 + y
pr
2233)[1 − (1 + y
ps
32)
(1+p)2p
r
−1](1 + yp
s
32).
Proof. 1© This is a trivial computation.
2© One can directly verify
(3.1) [yp
r
12 , y
ps
23 ] = [x
pr
12 , x
ps
23] = x
pr
12(1 − x
−pr
12 x
ps
23x
pr
12x
−ps
23 )x
ps
23.
Thus it suffices to determine x−p
r
12 x
ps
23x
pr
12x
−ps
23 .
(3.2)
x−p
r
12 x
ps
23x
pr
12x
−ps
23
=


1 −pr+1 0
0 1 0
0 0 1




1 0 0
0 1 ps+1
0 0 1




1 pr+1 0
0 1 0
0 0 1




1 0 0
0 1 −ps+1
0 0 1


=


1 −pr+1 −pr+s+2
0 1 ps+1
0 0 1




1 pr+1 0
0 1 0
0 0 1




1 0 0
0 1 −ps+1
0 0 1


=


1 0 −pr+s+2
0 1 ps+1
0 0 1




1 0 0
0 1 −ps+1
0 0 1

 =


1 0 −pr+s+2
0 1 0
0 0 1

 = x−pr+s+113 .
Taking (3.2) into (3.1), we obtain
[yp
r
12 , y
ps
23 ] = (1 + y12)
pr [1− (1 + y13)
−pr+s+1 ](1 + y23)
ps .
3©- 4© They are straightforward to compute.
5© Applying the computational method of 2© yields it.
6© Let us consider the relation:
(3.3) [yp
r
12 , y
ps
1122] = [x
pr
12, x
ps
1122] = x
pr
12(1− x
−pr
12 x
ps
1122x
pr
12x
−ps
1122)x
ps
1122.
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One can compute
(3.4)
x−p
r
12 x
ps
1122x
pr
12x
−ps
1122
=


1 −pr+1 0
0 1 0
0 0 1




(1 + p)p
s
0 0
0 (1 + p)−p
s
0
0 0 1


×


1 pr+1 0
0 1 0
0 0 1




(1 + p)−p
s
0 0
0 (1 + p)p
s
0
0 0 1


=


(1 + p)p
s
−pr+1(1 + p)−p
s
0
0 (1 + p)−p
s
0
0 0 1




1 pr+1 0
0 1 0
0 0 1




(1 + p)−p
s
0 0
0 (1 + p)p
s
0
0 0 1


=


(1 + p)p
s
pr+1(1 + p)p
s
− pr+1(1 + p)−p
s
0
0 (1 + p)−p
s
0
0 0 1




(1 + p)−p
s
0 0
0 (1 + p)p
s
0
0 0 1


=


1 pr+1(1 + p)2p
s
− pr+1 0
0 1 0
0 0 1

 = xpr(1+p)2p
s
−pr
12 = (1 + y12)
pr(1+p)2p
s
−pr .
Combining (3.3) with (3.4) gives
[yp
r
12 , y
ps
1122] = (1 + y12)
pr [1− (1 + y12)
pr(1+p)2p
s
−pr ](1 + y1122)
ps .
7©-11© The computational methods of 7©-11© are similar to that of 6©.
12© In light of the relation
(3.5) [yp
r
12 , y
ps
21 ] = [x
pr
12 , x
ps
21] = x
pr
12(1 − x
−pr
12 x
ps
21x
pr
12x
−ps
21 )x
ps
21,
it is sufficient for us to compute x−p
r
12 x
ps
21x
pr
12x
−ps
21 .
(3.6)
x−p
r
12 x
ps
21x
pr
12x
−ps
21
=


1 −pr+1 0
0 1 0
0 0 1




1 0 0
ps+1 1 0
0 0 1




1 pr+1 0
0 1 0
0 0 1




1 0 0
−ps+1 1 0
0 0 1


=


1− pr+s+2 −pr+1 0
ps+1 1 0
0 0 1




1 pr+1 0
0 1 0
0 0 1




1 0 0
−ps+1 1 0
0 0 1


=


1− pr+s+2 −p2r+s+3 0
ps+1 1 + pr+s+2 0
0 0 1




1 0 0
−ps+1 1 0
0 0 1


=


1− pr+s+2 + p2(r+s+2) −p2r+s+3 0
−pr+2s+3 1 + pr+s+2 0
0 0 1

 .
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Applying triangular decomposition formula to the matrix in (3.6) yields
(3.7)

1− pr+s+2 + p2(r+s+2) −p2r+s+3 0
−pr+2s+3 1 + pr+s+2 0
0 0 1


=


1 −p2r+s+3(1 + pr+s+2)−1 0
0 1 0
0 0 1


×


1− pr+s+2 + p2(r+s+2) − p3(r+s+2)(1 + pr+s+2)−1 0 0
0 1 + pr+s+2 0
0 0 1


×


1 0 0
−pr+2s+3(1 + pr+s+2)−1 1 0
0 0 1


= (1 + y12)
−p2r+s+2(1+pr+s+2)−1


(1 + pr+s+2)−1 0 0
0 1 + pr+s+2 0
0 0 1


× (1 + y21)
−pr+2s+2(1+pr+s+2)−1 .
We should note that
(1 + pr+s+2)−1 = 1− pr+s+2 + p2(r+s+2) − p3(r+s+2) + p4(r+s+2) + · · · .
It follows from the properties of p-adic integers that there exists one element β such
that
(1 + pr+s+2)−1 = (1 + p)β ,
where β = β0 + β1p + β2p
2 + · · · + βr+sp
r+s + βr+s+1p
r+s+1 + · · · , βk ∈ Z and
0 ≤ βk ≤ (p − 1). According to the expansion formula of (1 + p
r+s+2)−1, we
can compute all βk. For instance, β0 = β1 = · · · = βr+s = 0, βr+s+1 = p − 1,
βr+s+2 = (
pr+s+1−1
2 − 1) mod p, · · · . Thus (3.7) can be rewritten as
(3.8)

1− pr+s+2 + p2(r+s+2) −p2r+s+3 0
−pr+2s+3 1 + pr+s+2 0
0 0 1


(1 + y12)
−p2r+s+2(1+pr+s+2)−1


(1 + p)β 0 0
0 (1 + p)−β 0
0 0 1

 (1 + y21)−pr+2s+2(1+pr+s+2)−1
= (1 + y12)
−p2r+s+2(1+pr+s+2)−1(1 + y1122)
β(1 + y21)
−pr+2s+2(1+pr+s+2)−1 .
Consequently, we have
[yp
r
12 , y
ps
21 ] = (1 + y12)
pr [1− (1 + y12)
−p2r+s+2(1+pr+s+2)−1(1 + y1122)
β
× (1 + y21)
−pr+2s+2(1+pr+s+2)−1 ](1 + y21)
ps .
13© Let us see the Lie bracket [yp
r
13 , y
ps
21 ].
[yp
r
13 , y
ps
21 ] = [x
pr
13 , x
ps
21] = x
pr
13(1 − x
−pr
13 x
ps
21x
pr
13x
−ps
21 )x
ps
21.
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Note that
x−p
r
13 x
ps
21x
pr
13x
−ps
21
=


1 0 −pr+1
0 1 0
0 0 1




1 0 0
ps+1 1 0
0 0 1




1 0 pr+1
0 1 0
0 0 1




1 0 0
−ps+1 1 0
0 0 1


=


1 0 −pr+1
ps+1 1 0
0 0 1




1 0 pr+1
0 1 0
0 0 1




1 0 0
−ps+1 1 0
0 0 1


=


1 0 0
ps+1 1 pr+s+2
0 0 1




1 0 0
−ps+1 1 0
0 0 1

 =


1 0 0
0 1 pr+s+2
0 0 1

 = xpr+s+123 .
We therefore have
[yp
r
13 , y
ps
21 ] = (1 + y13)
pr [1− (1 + y23)
pr+s+1 ](1 + y21)
ps .
14©-18© The proofs can be safely left as exercises.
19©-24© Let us sketch the proof of 19©, the rest follow in a similar fashion. Here
again, the Lie bracket can be written as
[yp
r
1122, y
ps
21 ] = [x
pr
1122, x
ps
21] = x
pr
1122(1 − x
−pr
1122x
ps
21x
pr
1122x
−ps
21 )x
ps
21.
We compute
x−p
r
1122x
ps
21x
pr
1122x
−ps
21
=


(1 + p)−p
r
0 0
0 (1 + p)p
r
0
0 0 1




1 0 0
ps+1 1 0
0 0 1


×


(1 + p)p
r
0 0
0 (1 + p)−p
r
0
0 0 1




1 0 0
−ps+1 1 0
0 0 1


=


(1 + p)−p
r
0 0
ps+1(1 + p)p
r
(1 + p)p
r
0
0 0 1




(1 + p)p
r
0 0
0 (1 + p)−p
r
0
0 0 1




1 0 0
−ps+1 1 0
0 0 1


=


1 0 0
ps+1(1 + p)2p
r
1 0
0 0 1




1 0 0
−ps+1 1 0
0 0 1


=


1 0 0
ps+1(1 + p)2p
r
− ps+1 1 0
0 0 1

 = xps(1+p)2p
r
−ps
21 = (1 + y21)
ps(1+p)2p
r
−ps .
This shows that
[yp
r
1122, y
ps
21 ] = (1 + y1122)
pr [1− (1 + y21)
ps(1+p)2p
r
−ps ](1 + y21)
ps .

In fact, we shall only need the lowest degree terms of the expansions of the above-
mentioned Lie brackets; these can be easily deduced from Theorem 3.1, giving
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(3.9)
[yp
r
12 , y
ps
13 ]◦ = [y
pr
13 , y
ps
23 ]◦ = 0, [y
pr
12 , y
ps
23 ]◦ = y
pr+s+1
13 , [y
pr
1122, y
ps
2233]◦ = 0,
[yp
r
21 , y
ps
31 ]◦ = [y
pr
31 , y
ps
32 ]◦ = 0, [y
pr
21 , y
ps
32 ]◦ = −y
pr+s+1
31 ,
[yp
r
12 , y
ps
1122]◦ = −2y
pr+s+1
12 , [y
pr
13 , y
ps
1122]◦ = −y
pr+s+1
13 , [y
pr
23 , y
ps
1122]◦ = y
pr+s+1
23 ,
[yp
r
12 , y
ps
2233]◦ = y
pr+s+1
12 , [y
pr
13 , y
ps
2233]◦ = −y
pr+s+1
13 , [y
pr
23 , y
ps
2233]◦ = −2y
pr+s+1
23 ,
[yp
r
12 , y
ps
21 ]◦ = y
pr+s+1
1122 , [y
pr
13 , y
ps
21 ]◦ = −y
pr+s+1
23 , [y
pr
23 , y
ps
21 ]◦ = 0,
[yp
r
12 , y
ps
31 ]◦ = −y
pr+s+1
32 , [y
pr
13 , y
ps
31 ]◦ = y
pr+s+1
1122 + y
pr+s+1
2233 , [y
pr
23 , y
ps
31 ]◦ = y
pr+s+1
21 ,
[yp
r
12 , y
ps
32 ]◦ = 0, [y
pr
13 , y
ps
32 ]◦ = y
pr+s+1
12 , [y
pr
23 , y
ps
32 ]◦ = y
pr+s+1
2233 , [y
pr
1122, y
ps
21 ]◦ = −2y
pr+s+1
21
[yp
r
1122, y
ps
31 ]◦ = −y
pr+s+1
31 , [y
pr
1122, y
ps
32 ]◦ = y
pr+s+1
32 , [y
pr
2233, y
ps
21 ]◦ = y
pr+s+1
21 ,
[yp
r
2233, y
ps
31 ]◦ = −y
pr+s+1
31 , [y
pr
2233, y
ps
32 ]◦ = −2y
pr+s+1
32 .
where [yp
r
12 , y
ps
13 ]◦, [y
pr
13 , y
ps
23 ]◦, · · · , [y
pr
2233, y
ps
32 ]◦ denote the lowest degree terms of the
expansions of [yp
r
12 , y
ps
13 ], [y
pr
13 , y
ps
23 ], · · · , [y
pr
2233, y
ps
32 ], respectively. Henceforth, a simi-
lar and completely compatible notation will be used in the whole paper.
Let G = Γ1(SL3(Zp)) be the first congruence kernel of SL3(Zp). For convenience
the topological generating set {x12, x13, x23,x1122, x2233,x21, x31, x32} forG is briefly
denoted by {x1, x2, · · · , x8}, and the corresponding generators in the ordinary group
algebra Fp[G] are set yk = xk − 1, k = 1, 2, · · · , 8. Now relations in (3.9) can be
rewritten as
(3.10)
[yp
r
1 , y
ps
2 ]◦ = [y
pr
2 , y
ps
3 ]◦ = 0, [y
pr
1 , y
ps
3 ]◦ = y
pr+s+1
2 , [y
pr
4 , y
ps
5 ]◦ = 0,
[yp
r
6 , y
ps
7 ]◦ = [y
pr
7 , y
ps
8 ]◦ = 0, [y
pr
6 , y
ps
8 ]◦ = −y
pr+s+1
7 ,
[yp
r
1 , y
ps
4 ]◦ = −2y
pr+s+1
1 , [y
pr
2 , y
ps
4 ]◦ = −y
pr+s+1
2 , [y
pr
3 , y
ps
4 ]◦ = y
pr+s+1
3 ,
[yp
r
1 , y
ps
5 ]◦ = y
pr+s+1
1 , [y
pr
2 , y
ps
5 ]◦ = −y
pr+s+1
2 , [y
pr
3 , y
ps
5 ]◦ = −2y
pr+s+1
3 ,
[yp
r
1 , y
ps
6 ]◦ = y
pr+s+1
4 , [y
pr
2 , y
ps
6 ]◦ = −y
pr+s+1
3 , [y
pr
3 , y
ps
6 ]◦ = 0,
[yp
r
1 , y
ps
7 ]◦ = −y
pr+s+1
8 , [y
pr
2 , y
ps
7 ]◦ = y
pr+s+1
4 + y
pr+s+1
5 , [y
pr
3 , y
ps
7 ]◦ = y
pr+s+1
6 ,
[yp
r
1 , y
ps
8 ]◦ = 0, [y
pr
2 , y
ps
8 ]◦ = y
pr+s+1
1 , [y
pr
3 , y
ps
8 ]◦ = y
pr+s+1
5 , [y
pr
4 , y
ps
6 ]◦ = −2y
pr+s+1
6
[yp
r
4 , y
ps
7 ]◦ = −y
pr+s+1
7 , [y
pr
4 , y
ps
8 ]◦ = y
pr+s+1
8 , [y
pr
5 , y
ps
6 ]◦ = y
pr+s+1
6 ,
[yp
r
5 , y
ps
7 ]◦ = −y
pr+s+1
7 , [y
pr
5 , y
ps
8 ]◦ = −2y
pr+s+1
8 .
4. Main Result and Its Proof
In this section, we will state and prove our main result. Let us recall that r ∈ ΩG
is normal if rΩG = ΩGr. Our purpose in this section is to study the normal elements
of the completed group algebra over G = Γ1(SL3(Zp)).
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For the remainder of this section, we fix the following notations: For a vector
α = (α1, α2, · · · , αn) of integers and any n-tuple y = (y1, y2, · · · , yn), we write
〈α〉 = α1 + α2 + · · ·+ αn, y
α = yα11 y
α2
2 · · · y
αn
n .
The first main result can now be stated:
Theorem 4.1. Let G = Γ1(SL3(Zp)) and ΩG be its completed group algebra over
the field Fp. Then there are no nontrivial normal elements in ΩG.
Proof. Suppose that W is a nontrivial normal element of ΩG and W is of the form
W = wm + wm+1 + wm+2 + · · ·+ wd + · · · ,
where wd(d = m,m + 1,m + 2, · · · ,m ≥ 1) are homogeneous polynomials with
respect to y1, y2, · · · , y8 of degree d. That is, wd has the form
wd =
∑
α∈N8, 〈α〉=d
aαy
α, aα ∈ Fp,
where α = (α1, α2, · · · , α8) ∈ N
8 and yα = yα11 y
α2
2 · · · y
α8
8 . Moreover, we put
sd = max{ s | p
s is a common divisor of the elements of each α in wd, aα 6= 0 },
which will be frequently invoked in the sequel.
Since W is a normal element, there exists an element δk(r) ∈ ΩG such that
(4.1) [yp
r
k ,W ] = W · δk(r)
for each yk(k = 1, 2, · · · , 8). For a further discussion of (4.1), we define
s = min{ sd | d = m,m+ 1,m+ 2, · · · }.
So we get to divide the proof of the theorem into two cases: s = sm and s < sm.
Case 1. s = sm. In this case, by (4.1) we get
(4.2) [yp
r
k , wm]◦ = wm · (δk(r))◦
for each yk(k = 1, 2, · · · , 8). Recall that [y
pr
k , wm]◦ and (δk(r))◦ stand for the
lowest degree terms in [yp
r
k , wm] and δk(r), respectively. It should be pointed out
that [yp
r
k , wm]◦ is a homogeneous polynomial of degree m− p
s + pr+s+1.
We can assume the lowest degree homogeneous polynomial wm of W is of the
form
(4.3)
wm =
α1∑
i1=0
· · ·
α8∑
i8=0
ai1···i8(y
ps
1 )
i1(yp
s
2 )
i2 · · · (yp
s
8 )
i8
∈ Fp[y
ps
1 , y
ps
2 , · · · , y
ps
8 ]\Fp[y
ps+1
1 , y
ps+1
2 , · · · , y
ps+1
8 ],
where Fp[y
ps
1 , y
ps
2 , · · · , y
ps
8 ] denotes the polynomial ring generated by y
ps
1 , y
ps
2 , · · · , y
ps
8
over the field Fp. Then we can compute each [y
pr
k , wm]◦. For k = 1, by (3.10), we
obtain
[yp
r
1 , wm]◦ = {
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1yp
r
1 (y
ps
2 )
i2 · · · (yp
s
8 )
i8
−
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1(yp
s
2 )
i2 · · · (yp
s
8 )
i8yp
r
1 }◦
= {
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1 (yp
s
2 )
i2(yp
s
3 )y
pr
1 (y
ps
3 )
i3−1 · · · (yp
s
8 )
i8
−
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1(yp
s
2 )
i2 · · · (yp
s
8 )
i8yp
r
1 }◦
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+
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1(yp
s
2 )
i2yp
r+s+1
2 (y
ps
3 )
i3−1 · · · (yp
s
8 )
i8
= {(
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1(yp
s
2 )
i2 (y2p
s
3 )y
pr
1 (y
ps
3 )
i3−2 · · · (yp
s
8 )
i8
−
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1(yp
s
2 )
i2 · · · (yp
s
8 )
i8yp
r
1 }◦
+
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1(yp
s
2 )
i2yp
r+s+1
2 (y
ps
3 )
i3−1 · · · (yp
s
8 )
i8
+
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1(yp
s
2 )
i2 (yp
s
3 )y
pr+s+1
2 (y
ps
3 )
i3−2 · · · (yp
s
8 )
i8
...
= {
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1(yp
s
2 )
i2(yp
s
3 )
i3yp
r
1 · · · (y
ps
8 )
i8
−
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1(yp
s
2 )
i2 · · · (yp
s
8 )
i8yp
r
1 }◦
+
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1(yp
s
2 )
i2yp
r+s+1
2 (y
ps
3 )
i3−1 · · · (yp
s
8 )
i8
+
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1(yp
s
2 )
i2(yp
s
3 )y
pr+s+1
2 (y
ps
3 )
i3−2 · · · (yp
s
8 )
i8 + · · ·
= {
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1(yp
s
2 )
i2(yp
s
3 )
i3yp
r
1 · · · (y
ps
8 )
i8
−
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1(yp
s
2 )
i2 · · · (yp
s
8 )
i8yp
r
1 }◦
+∂wm
∂y
ps
3
yp
r+s+1
2
= {
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1 · · · (yp
s
4 )
i4yp
r
1 · · · (y
ps
8 )
i8
−
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1(yp
s
2 )
i2 · · · (yp
s
8 )
i8yp
r
1 }◦
+∂wm
∂y
ps
3
yp
r+s+1
2 − 2
∂wm
∂y
ps
4
yp
r+s+1
1
= {
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1 · · · (yp
s
5 )
i5yp
r
1 · · · (y
ps
8 )
i8
−
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1(yp
s
2 )
i2 · · · (yp
s
8 )
i8yp
r
1 }◦
+∂wm
∂y
ps
3
yp
r+s+1
2 − 2
∂wm
∂y
ps
4
yp
r+s+1
1 +
∂wm
∂y
ps
5
yp
r+s+1
1
= {
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1 · · · (yp
s
6 )
i6yp
r
1 (y
ps
7 )
i7 (yp
s
8 )
i8
−
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1(yp
s
2 )
i2 · · · (yp
s
8 )
i8yp
r
1 }◦
+∂wm
∂y
ps
3
yp
r+s+1
2 − 2
∂wm
∂y
ps
4
yp
r+s+1
1 +
∂wm
∂y
ps
5
yp
r+s+1
1 +
∂wm
∂y
ps
6
yp
r+s+1
4
= {
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1 · · · (yp
s
7 )
i7yp
r
1 (y
ps
8 )
i8
−
∑α1
i1=0
· · ·
∑α8
i8=0
ai1···i8(y
ps
1 )
i1(yp
s
2 )
i2 · · · (yp
s
8 )
i8yp
r
1 }◦
+∂wm
∂y
ps
3
yp
r+s+1
2 − 2
∂wm
∂y
ps
4
yp
r+s+1
1 +
∂wm
∂y
ps
5
yp
r+s+1
1 +
∂wm
∂y
ps
6
yp
r+s+1
4 −
∂wm
∂y
ps
7
yp
r+s+1
8
= ∂wm
∂y
ps
3
yp
r+s+1
2 − 2
∂wm
∂y
ps
4
yp
r+s+1
1 +
∂wm
∂y
ps
5
yp
r+s+1
1 +
∂wm
∂y
ps
6
yp
r+s+1
4 −
∂wm
∂y
ps
7
yp
r+s+1
8 .
Again by (3.10), the same argument gives
[yp
r
2 , wm]◦ = −
∂wm
∂y
ps
4
yp
r+s+1
2 −
∂wm
∂y
ps
5
yp
r+s+1
2 −
∂wm
∂y
ps
6
yp
r+s+1
3
+∂wm
∂y
ps
7
(yp
r+s+1
4 + y
pr+s+1
5 ) +
∂wm
∂y
ps
8
yp
r+s+1
1 ,
[yp
r
3 , wm]◦ = −
∂wm
∂y
ps
1
yp
r+s+1
2 +
∂wm
∂y
ps
4
yp
r+s+1
3 −
∂wm
∂y
ps
5
2yp
r+s+1
3
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+∂wm
∂y
ps
7
yp
r+s+1
6 +
∂wm
∂y
ps
8
yp
r+s+1
5 ,
[yp
r
4 , wm]◦ =
∂wm
∂y
ps
1
2yp
r+s+1
1 +
∂wm
∂y
ps
2
yp
r+s+1
2 −
∂wm
∂y
ps
3
yp
r+s+1
3
−∂wm
∂y
ps
6
2yp
r+s+1
6 −
∂wm
∂y
ps
7
yp
r+s+1
7 +
∂wm
∂y
ps
8
yp
r+s+1
8 ,
[yp
r
5 , wm]◦ = −
∂wm
∂y
ps
1
yp
r+s+1
1 +
∂wm
∂y
ps
2
yp
r+s+1
2 +
∂wm
∂y
ps
3
2yp
r+s+1
3
+∂wm
∂y
ps
6
yp
r+s+1
6 −
∂wm
∂y
ps
7
yp
r+s+1
7 −
∂wm
∂y
ps
8
2yp
r+s+1
8 ,
[yp
r
6 , wm]◦ = −
∂wm
∂y
ps
1
yp
r+s+1
4 +
∂wm
∂y
ps
2
yp
r+s+1
3 +
∂wm
∂y
ps
4
2yp
r+s+1
6
−∂wm
∂y
ps
5
yp
r+s+1
6 −
∂wm
∂y
ps
8
yp
r+s+1
7 ,
[yp
r
7 , wm]◦ =
∂wm
∂y
ps
1
yp
r+s+1
8 −
∂wm
∂y
ps
2
(yp
r+s+1
4 + y
pr+s+1
5 )
−∂wm
∂y
ps
3
yp
r+s+1
6 +
∂wm
∂y
ps
4
yp
r+s+1
7 +
∂wm
∂y
ps
5
yp
r+s+1
7 ,
[yp
r
8 , wm]◦ = −
∂wm
∂y
ps
2
yp
r+s+1
1 −
∂wm
∂y
ps
3
yp
r+s+1
5 −
∂wm
∂y
ps
4
yp
r+s+1
8
+∂wm
∂y
ps
5
2yp
r+s+1
8 +
∂wm
∂y
ps
6
yp
r+s+1
7 .
Those identities together with (4.2) give rise to
(4.4)


∂wm
∂yp
s
3
yp
r+s+1
2 − 2
∂wm
∂yp
s
4
yp
r+s+1
1 +
∂wm
∂yp
s
5
yp
r+s+1
1 +
∂wm
∂yp
s
6
yp
r+s+1
4
−
∂wm
∂yp
s
7
yp
r+s+1
8 = wm · (δ1(r))◦,
...
−
∂wm
∂yp
s
1
yp
r+s+1
4 +
∂wm
∂yp
s
2
yp
r+s+1
3 +
∂wm
∂yp
s
4
2yp
r+s+1
6 −
∂wm
∂yp
s
5
yp
r+s+1
6
−
∂wm
∂yp
s
8
yp
r+s+1
7 = wm · (δ6(r))◦,
...
Claim 4.2. ∂wm
∂y
ps
k
(k = 1, 2, · · · , 8) are not exactly all zeros.
Proof. In view of (4.3) we can rewrite wm as
wm =
α1∑
i1=0
(yp
s
1 )
i1vi1 (y
ps
2 , y
ps
3 , · · · , y
ps
8 ),
where vi1 (y
ps
2 , y
ps
3 , · · · , y
ps
8 ) ∈ Fp[y
ps
2 , y
ps
3 , · · · , y
ps
8 ]. Suppose that on the contradic-
tory the claim, then we have
(4.5)
∂wm
∂yp
s
1
= i1
α1∑
i1=1
(yp
s
1 )
i1−1vi1(y
ps
2 , y
ps
3 , · · · , y
ps
8 ) = 0.
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To begin with, let us look on (4.5) as a polynomial related to yp
s
1 . Then for each
i1(i1 = 1, 2, · · · , α1),
i1vi1(y
ps
2 , y
ps
3 , · · · , y
ps
8 ) = 0.
This implies that i1 = bi1p
ni1 (ii = 1, 2, · · · , α1), where ni1 ≥ 1, gcd(bi1 , p) = 1.
Similarly, we can rewrite wm as
wm =
∑α2
i2=0
(yp
s
2 )
i2vi2 (y
ps
1 , y
ps
3 , · · · , y
ps
8 ),(4.6)
...
wm =
∑α8
i8=0
(yp
s
8 )
i8vi8 [(y
ps
1 , y
ps
2 , · · · , y
ps
7 ),(4.7)
respectively, where
vi2 (y
ps
1 , y
ps
3 , · · · , y
ps
8 ) ∈ Fp[y
ps
1 , y
ps
3 , · · · , y
ps
8 ],
...
vi8 (y
ps
1 , y
ps
2 , · · · , y
ps
7 ) ∈ Fp[y
ps
1 , y
ps
2 , · · · , y
ps
7 ].
Repeating the above analogous proof we arrive at i2 = bi2p
ni2 (i2 = 1, 2, · · · , α2),
where ni2 ≥ 1, gcd(bi2 , p) = 1, · · · , i8 = bi8p
ni8 (i8 = 1, 2, · · · , α8), where ni8 ≥ 1,
gcd(bi8 , p) = 1. This shows that
wm ∈ Fp[y
ps+1
1 , y
ps+1
2 , · · · , y
ps+1
8 ],
which is contradictory to the assumption
wm ∈ Fp[y
ps
1 , y
ps
2 , · · · , y
ps
8 ]\Fp[y
ps+1
1 , y
ps+1
2 , · · · , y
ps+1
8 ].

Let us now come back to the system of equations (4.4). By Claim 4.2 and without
loss of generality, we may assume that ∂wm
∂y
ps
1
6= 0. Then there exists one positive
integer r ≫ 0 such that
−
∂wm
∂yp
s
1
yp
r+s+1
4 +
∂wm
∂yp
s
2
yp
r+s+1
3 +
∂wm
∂yp
s
4
2yp
r+s+1
6 −
∂wm
∂yp
s
5
yp
r+s+1
6 −
∂wm
∂yp
s
8
yp
r+s+1
7
= wm · (δ6(r))◦ 6= 0,
which can be rearranged as
(4.8)
−
∂wm
∂yp
s
1
yp
r+s+1
4 +
∂wm
∂yp
s
2
yp
r+s+1
3 +
∂wm
∂yp
s
4
2yp
r+s+1
6 −
∂wm
∂yp
s
5
yp
r+s+1
6 −
∂wm
∂yp
s
8
yp
r+s+1
7
= wm
∑
i=3,4,6,7
U i6(y1, y2, · · · , y8)y
pr
i 6= 0,
where
∑
i=3,4,6,7U
i
6(y1, y2, · · · , y8)y
pr
i = (δ6(r))◦. Comparing the coefficients of y
pr
4
of the above relation, we further get
(4.9) −
∂wm
∂yp
s
1
yp
r+s+1−pr
4 = wmU
4
6 (y1, y2, · · · , y8) 6= 0.
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Taking into account (4.7) and comparing the degree of yp
s
8 in the two sides of (4.9),
we obtain
− (yp
s
8 )
α8
∂vi8(y
ps
1 , · · · , y
ps
7 )
∂yp
s
1
yp
r+s+1−pr
4
= (yp
s
8 )
α8vi8(y
ps
1 , · · · , y
ps
7 )g(y1, y2, · · · , y7) 6= 0.
where g(y1, y2, · · · , y7) stands for the sum of certain terms in U
4
6 (y1, y2, · · · , y8). It
follows that
−
∂vi8(y
ps
1 , · · · , y
ps
7 )
∂yp
s
1
yp
r+s+1−pr
4 = vi8 (y
ps
1 , · · · , y
ps
7 )g(y1, y2, · · · , y7) 6= 0.
Comparing the degree of yp
s
1 in the two sides of the above equality, we immediately
arrive at a contradiction. This implies that W is not a nontrivial normal element
of ΩG under the case of s = sm.
Case 2. s < sm. Now there exists some fixed d with d > m such that s = sd <
sm, and it follows from (4.1) that
(4.10) [yp
r
k , wd]◦ = wm · (δk(r))◦
for each yk(k = 1, 2, · · · , 8) provided r ≫ 0. To proceed our discussion, we assume
that wd is of the form
(4.11)
wd =
p−1∑
i1=0
· · ·
p−1∑
i8=0
(yp
s
1 )
i1(yp
s
2 )
i2 · · · (yp
s
8 )
i8hi1i2···i8(y
ps+1
1 , y
ps+1
2 , · · · , y
ps+1
8 )
∈ Fp[y
ps
1 , y
ps
2 , · · · , y
ps
8 ]\Fp[y
ps+1
1 , y
ps+1
2 , · · · , y
ps+1
8 ],
where Fp[y
ps
1 , y
ps
2 , · · · , y
ps
8 ] denotes the polynomial ring generated by y
ps
1 , y
ps
2 , · · · , y
ps
8
over the field Fp.
Using the computational method of Case 1 and producing a system of partial
differential equations:
∂wd
∂y
ps
3
yp
r+s+1
2 − 2
∂wd
∂y
ps
4
yp
r+s+1
1 +
∂wd
∂y
ps
5
yp
r+s+1
1 +
∂wd
∂y
ps
6
yp
r+s+1
4(4.12)
− ∂wd
∂y
ps
7
yp
r+s+1
8 = wm · (δ1(r))◦,
− ∂wd
∂y
ps
4
yp
r+s+1
2 −
∂wd
∂y
ps
5
yp
r+s+1
2 −
∂wd
∂y
ps
6
yp
r+s+1
3 +
∂wd
∂y
ps
7
(yp
r+s+1
4 + y
pr+s+1
5 )(4.13)
+ ∂wd
∂y
ps
8
yp
r+s+1
1 = wm · (δ2(r))◦,
− ∂wd
∂y
ps
1
yp
r+s+1
2 +
∂wd
∂y
ps
4
yp
r+s+1
3 −
∂wd
∂y
ps
5
2yp
r+s+1
3 +
∂wd
∂y
ps
7
yp
r+s+1
6(4.14)
+ ∂wd
∂y
ps
8
yp
r+s+1
5 = wm · (δ3(r))◦,
∂wd
∂y
ps
1
2yp
r+s+1
1 +
∂wd
∂y
ps
2
yp
r+s+1
2 −
∂wd
∂y
ps
3
yp
r+s+1
3 −
∂wd
∂y
ps
6
2yp
r+s+1
6(4.15)
− ∂wd
∂y
ps
7
yp
r+s+1
7 +
∂wd
∂y
ps
8
yp
r+s+1
8 = wm · (δ4(r))◦,
− ∂wd
∂y
ps
1
yp
r+s+1
1 +
∂wd
∂y
ps
2
yp
r+s+1
2 +
∂wd
∂y
ps
3
2yp
r+s+1
3 +
∂wd
∂y
ps
6
yp
r+s+1
6(4.16)
− ∂wd
∂y
ps
7
yp
r+s+1
7 −
∂wd
∂y
ps
8
2yp
r+s+1
8 = wm · (δ5(r))◦,
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− ∂wd
∂y
ps
1
yp
r+s+1
4 +
∂wd
∂y
ps
2
yp
r+s+1
3 +
∂wd
∂y
ps
4
2yp
r+s+1
6 −
∂wd
∂y
ps
5
yp
r+s+1
6(4.17)
− ∂wd
∂y
ps
8
yp
r+s+1
7 = wm · (δ6(r))◦,
∂wd
∂y
ps
1
yp
r+s+1
8 −
∂wd
∂y
ps
2
(yp
r+s+1
4 + y
pr+s+1
5 )−
∂wd
∂y
ps
3
yp
r+s+1
6 +
∂wd
∂y
ps
4
yp
r+s+1
7(4.18)
+ ∂wd
∂y
ps
5
yp
r+s+1
7 = wm · (δ7(r))◦,
− ∂wd
∂y
ps
2
yp
r+s+1
1 −
∂wd
∂y
ps
3
yp
r+s+1
5 −
∂wd
∂y
ps
4
yp
r+s+1
8 +
∂wd
∂y
ps
5
2yp
r+s+1
8(4.19)
+ ∂wd
∂y
ps
6
yp
r+s+1
7 = wm · (δ8(r))◦.
Before continuing our proof, we need to state two further claims, which are
established in below:
Claim 4.3. For each ∂wd
∂y
ps
k
(k = 1, 2, · · · , 8), there exist the following divisible rela-
tions wm|
∂wd
∂y
ps
k
(k = 1, 2, · · · , 8).
Proof. Suppose that on the contradictory wm ∤
∂wd
∂y
ps
1
. Let us choose a positive
integer r ≫ 0. On the one hand, by (4.14) we know that
−
∂wd
∂yp
s
1
yp
r+s+1
2 +
∂wd
∂yp
s
4
yp
r+s+1
3 −
∂wd
∂yp
s
5
2yp
r+s+1
3 +
∂wd
∂yp
s
7
yp
r+s+1
6 +
∂wd
∂yp
s
8
yp
r+s+1
5
= wm
∑
i=2,3,5,6
U i3(y1, y2, · · · , y8)y
pr
i ,
where
∑
i=2,3,5,6 U
i
3(y1, y2, · · · , y8)y
pr
i = (δ3(r))◦. On the other hand, using (4.17),
we have
−
∂wd
∂yp
s
1
yp
r+s+1
4 +
∂wd
∂yp
s
2
yp
r+s+1
3 +
∂wd
∂yp
s
4
2yp
r+s+1
6 −
∂wd
∂yp
s
5
yp
r+s+1
6 −
∂wd
∂yp
s
8
yp
r+s+1
7
= wm
∑
i=3,4,6,7
U i6(y1, y2, · · · , y8)y
pr
i ,
where
∑
i=3,4,6,7U
i
6(y1, y2, · · · , y8)y
pr
i = (δ6(r))◦. Comparing the coefficients of y
pr
2
and yp
r
4 in the two sides of the above two equalities, we infer that wm|
∂wd
∂y
ps
1
yp
r+s+1−pr
2
and wm|
∂wd
∂y
ps
1
yp
r+s+1−pr
4 , respectively. Note that our hypothesis implies that there
exists an irreducible polynomial f such that fβ ∤ ∂wd
∂y
ps
1
with fβ |wm for some positive
integer β, so f is a common divisor of yp
r+s+1−pr
2 and y
pr+s+1−pr
4 , which is a contra-
diction. Thus wm|
∂wd
∂y
ps
1
. A similar argument shows that wm|
∂wd
∂y
ps
k
(k = 2, 3, 6, 7, 8).
Now (4.12)-(4.19) degenerate into
−2 ∂wd
∂y
ps
4
yp
r+s+1
1 +
∂wd
∂y
ps
5
yp
r+s+1
1 = wm · (δ1(r))◦,(4.20)
− ∂wd
∂y
ps
4
yp
r+s+1
2 −
∂wd
∂y
ps
5
yp
r+s+1
2 = wm · (δ2(r))◦,(4.21)
∂wd
∂y
ps
4
yp
r+s+1
3 −
∂wd
∂y
ps
5
2yp
r+s+1
3 = wm · (δ3(r))◦,(4.22)
∂wd
∂y
ps
4
2yp
r+s+1
6 −
∂wd
∂y
ps
5
yp
r+s+1
6 = wm · (δ6(r))◦,(4.23)
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∂wd
∂y
ps
4
yp
r+s+1
7 +
∂wd
∂y
ps
5
yp
r+s+1
7 = wm · (δ7(r))◦,(4.24)
− ∂wd
∂y
ps
4
yp
r+s+1
8 +
∂wd
∂y
ps
5
2yp
r+s+1
8 = wm · (δ8(r))◦,(4.25)
respectively. If p 6= 3, it is a easy to verify wm|(
∂wd
∂y
ps
4
+ ∂wd
∂y
ps
5
) and wm|(2
∂wd
∂y
ps
4
− ∂wd
∂y
ps
5
).
And hence wm|
∂wd
∂y
ps
4
and wm|
∂wd
∂y
ps
5
, as desired. As to the case of p = 3, the results
are actually the same, the further discussion are omitted here. 
Claim 4.4. For wm, wd, there exist u ∈ Fp[y
ps
1 , y
ps
2 , · · · , y
ps
8 ] and v ∈ Fp[y
ps+1
1 ,
yp
s+1
2 , · · · , y
ps+1
8 ] such that wd = wmu+ v.
Proof. Claim 4.3 tells us that there exist uk ∈ Fp[y
ps
1 , y
ps
2 , · · · , y
ps
8 ] such that
∂wd
∂y
ps
k
=
wmuk(k = 1, 2, · · · , 8). Let uk(k = 1, 2, · · · , 8) be of the following forms:
uk =
p−1∑
i1=0
p−1∑
i2=0
· · ·
p−1∑
i8=0
(yp
s
1 )
i1(yp
s
2 )
i2 · · · (yp
s
8 )
i8gki1i2···i8(y
ps+1
1 , y
ps+1
2 , · · · , y
ps+1
8 ).
Then for k = 1, we have
∂wd
∂yp
s
1
= wm
p−1∑
i1=0
p−1∑
i2=0
· · ·
p−1∑
i8=0
(yp
s
1 )
i1(yp
s
2 )
i2 · · · (yp
s
8 )
i8
× g1i1i2···i8(y
ps+1
1 , y
ps+1
2 , · · · , y
ps+1
8 ).
On the other hand, it follows from (4.11) that
∂wd
∂yp
s
1
=
p−1∑
i1=1
p−1∑
i2=0
· · ·
p−1∑
i8=0
i1(y
ps
1 )
i1−1(yp
s
2 )
i2 · · · (yp
s
8 )
i8
× hi1i2···i8(y
ps+1
1 , y
ps+1
2 , · · · , y
ps+1
8 )
=
p−2∑
i1=0
p−1∑
i2=0
· · ·
p−1∑
i8=0
(i1 + 1)(y
ps
1 )
i1 (yp
s
2 )
i2 · · · (yp
s
8 )
i8
× h(i1+1)i2···i8(y
ps+1
1 , y
ps+1
2 , · · · , y
ps+1
8 ).
Comparing the last two relations, we see that
wmg
1
i1i2···i8(y
ps+1
1 , y
ps+1
2 , · · · , y
ps+1
8 )
= (i1 + 1)h(i1+1)i2···i8 (y
ps+1
1 , y
ps+1
2 , · · · , y
ps+1
8 ).
Similarly, we also get
wmg
2
i1i2···i8
(yp
s+1
1 , y
ps+1
2 , · · · , y
ps+1
8 )
= (i2 + 1)hi1(i2+1)···i8(y
ps+1
1 , y
ps+1
2 , · · · , y
ps+1
8 ),
...
wmg
8
i1i2···i8
(yp
s+1
1 , y
ps+1
2 , · · · , y
ps+1
8 )
= (i8 + 1)hi1i2···(i8+1)(y
ps+1
1 , y
ps+1
2 , · · · , y
ps+1
8 ).
This shows that
wm|hi1i2···i8(y
ps+1
1 , y
ps+1
2 , · · · , y
ps+1
8 ),
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where i1, i2, · · · , i8 are not complete zeroes. That is, for each hi1i2···i8(y
ps+1
1 , y
ps+1
2 ,
· · · , yp
s+1
8 ), there exists a corresponding h
∗
i1i2···i8 such that
(4.26)
hi1i2···i8(y
ps+1
1 , y
ps+1
2 , · · · , y
ps+1
8 ) = wmh
∗
i1i2···i8 , i1 ≥ 1 or i2 ≥ 1 · · · or i8 ≥ 1.
Taking (4.26) into (4.11) yields
wd = wm
p−1∑
i1=0
p−1∑
i2=0
· · ·
p−1∑
i8=0
(yp
s
1 )
i1 (yp
s
2 )
i2 · · · (yp
s
8 )
i8h∗i1i2···i8
+ h00···0(y
ps+1
1 , y
ps+1
2 , · · · , y
ps+1
8 ),
where i1, i2, · · · , i8 are not all zero. Let us write
u =
p−1∑
i1=0
p−1∑
i2=0
· · ·
p−1∑
i8=0
(yp
s
1 )
i1 (yp
s
2 )
i2 · · · (yp
s
8 )
i8h∗i1i2···i8 ,
v = h00···0(y
ps+1
1 , y
ps+1
2 , · · · , y
ps+1
8 ),
where i1, i2, · · · , i8 are not all zero. Then wd = wmu + v, where u ∈ Fp[y
ps
1 , y
ps
2 ,
· · · , yp
s
8 ] and v ∈ Fp[y
ps+1
1 , y
ps+1
2 , · · · , y
ps+1
8 ]. The result follows. 
We now continue to proceed our proof. Let us consider the following set of ΩG
as
N(wm) ={ W | W is a nontrivial normal element
with the lowest degree term wm, s(W ) = sm − 1 },
where s(W ) is the s corresponding to W . For any W ∈ N(wm), we assume that
s(W ) = sd for some d > m. Thus one can write W as
W = wm + wm+1 + wm+2 + · · ·+ wd + · · · .
Then by Claim 4.4 we have wd = wmu+ v, where
u ∈ Fp[y
psm−1
1 , y
psm−1
2 , · · · , y
psm−1
8 ], v ∈ Fp[y
psm
1 , y
psm
2 , · · · , y
psm
8 ].
For convenience, we denote the index of wd by d(W ). Let us write W = W0 and
W1 = W (1− u). Then
W1 = wm + wm+1 + wm+2 + · · ·+ (wd − wmu) + (wd+1 − wm+1u)
+ (wd+2 − wm+2u) + · · ·+ (w2d−m − wdu) + · · · .
It is easy to verfiy that W1 ∈ N(wm) and d(W0) < d(W1). Likewise, for W1,
there exist u′ and v′ such that w1d = wmu
′+v′, where w1d is the first homogeneous
polynomial satisfying the condition s(W1) = sm−1 inW1. We setW2 = W1(1−u
′).
It is also easy to check that W2 ∈ N(wm) and d(W1) < d(W2). Repeating this
process continuously, we finally construct an infinite sequence of normal elements
W0 = W, W1 = W (1− u), W2 = W (1− u)(1− u
′), · · · .
Let us set limn→∞Wn = V . Then V is a normal element with the form
V = vm + vm+1 + · · · vd−1 + vd + · · · ,
where vm = wm. It follows that s(V ) > sm−1, a contradiction. This shows that W
is not a nontrivial normal element of ΩG under the case of s < sm. 
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Remark 4.5. We would like to point out that the current computational method
can be used to discuss the normal elements of the completed group algebra ΩG over
G = Γ1(SL2(Zp)). Conversely, the adopted method of [17] can not be adapted to
the current situation. One distinguished difference can be observed by comparing
the proof of Claim 4.3 with that of Claim 11 of [17].
5. Topics for Further Research
As you known, the main purpose of the current article is to study normal ele-
ments of a completed group algebra over the special linear group SL3(Zp). Those
analogous questions on completed group algebras defined over other p-adic groups
also have great interest and draw more people’s attention. In this section, we will
present several potential topics for future further research. Motivated by our cur-
rent work, Clozel’s systematic work [1, 2, 3] and Ray’s papers [11, 12] , it is natural
to propose several questions in this line.
For a few small p, there are some extra difficulties and challenges to compute
normal elements of completed group algebras over SLn(Zp). For example, in the
case of p = 2, G = Γ1(SL2(Zp)) will have p-torsion and thus its completed group
algebra is not an integral domain which prevents one from using deep results of
Lazard [9]. Although we exclude these primes from consideration in the stage, we
strongly believe that we should say much more about the normal elements and
ideals of the completed group algebra ΩG.
Question 5.1. Let G = Γ1(SLn(Z2)) be the first congruence kernel of SLn(Z2)
and ΩG be its completed group algebra over Fp. Are there any non-trivial normal
elements ΩG ?
One much more common question is as the following:
Question 5.2. Let G = Γ1(SLn(Zp))(n > 3) and ΩG be its completed group
algebra over Fp. Are there any non-trivial normal elements in ΩG ?
Question 5.2 will involve rather complicated and tedious computations. In par-
ticular, when p is a divisor of n, we have not found a reasonable approach to this
question.
Let G be a semi-simple, simply connected Chevalley group over Zp and G(Zp)
be its Zp-points. Under a faithful representation of group schemes ρ : G →֒ GLn
over Z, one can define, for each k ∈ N, Γ(k) := ker(GLn(Zp) −→ GLn(Zp/p
kZp))
(the Z-structure on GLn being given by VZ) and G(k) := G(Zp)∩Γ(k). Then G(k)
is called the k-th congruence kernel of G(Zp) which satisfies a descending filtration
G(1) ⊇ G(2) ⊇ G(3) ⊇ · · · . Ray [11] give an explicit presentation (by generators
and relations) of the completed group algebra for the first congruence kernel of a
semi-simple, simply connected Chevalley group over Zp, extending the proof given
by Clozel for the group Γ1(SL2(Zp)), the first congruence kernel of SL2(Zp) for
primes p > 2. This immediately gives rise to the following question.
Question 5.3. Let G be a semi-simple, simply connected Chevalley group over
Zp, G(1) be the first congruence kernel of G(Zp) and ΩG(1) be its completed group
algebra over Fp. Are there any non-trivial normal elements in ΩG(1) ?
For a prime p > n+1, Ray [12] determine explicitly the presentation in the form
of generators and relations of the completed group algebras ΛG and ΩG over the
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pro-p Iwahori subgroup G of GLn(Zp). Let G be the pro-p Iwahori subgroup of
GLn(Zp), i.e. G is the group of matrices in GLn(Zp) which are upper unipotent
modulo the maximal ideal pZp of Zp. It is natural to form the following conjecture.
Question 5.4. Let G be the pro-p Iwahori subgroup of GLn(Zp) and ΩG be its
completed group algebra over Fp. Are there any non-trivial normal elements in ΩG
?
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